INTRODUCTION
In this paper we prove two conjectures of P . Erdős concerning the divisor function -r(n) . These are CONJECTURE A . For each fixed integer k, we have Y max{r(n), -r(n + 1), . . ., r(n + k -1)) " kx log x . n<x CONJECTURE B . For each fixed integer k, there exists a g, < 1, such that lim(gk : k, oo) =log 2, and such that for every e > 0 and x > x 0(e, k), we have x(log x) ek -THEOREM 2 . Conjecture B is true . More precisely, let k be fixed, ak = k(21 /k -1) .
Then for sufficiently large x, C,(k) x(log x)°k 5 min{-r(n), r(n + k -1)} <_ C,(k) x(log x)"k (loglog X) 11k2 n<x
Remarks . It would be of interest to know how large k may be, as a function of x, for the formula in Theorem 1 to be valid .
The llk2 appearing in Theorem 2 is not the best that could be obtained from the present technique, but the exponent of loglog x certainly tends to infinity with k . It seems possible that no power of loglog x is needed, so that the sum is determined to within constants : this would need a new idea, and of course an asymptotic formula would be much better .
Before embarking on the proofs we establish several lemmas . Lemma 9, which is rather too technical to be comprehensible standing alone, appears in the middle of the proof of Theorem 2 . 0-Constants, and those implied by <, are independent of all variables . The constants A i and B in Lemma 9 depend on k . Constants Ci(k) also depend, at most, on k . The usual symbols for arithmetical functions are used : thus v(n) and w(n) stand for the number of distinct, and the total number of prime, factors of n . The least common multiple of d,, . . ., dk_, will be denoted by [ Let fk (n) be the multiplicative function generated by
Then for all positive integers n, we have
Proof. Let n = PI Jp2 2 . . . pr rr, and set
We have to show that
But the left-hand side is 
LEMMA 4. For each k, there exist a CO(k) such that for all x, E {T(n) T(n + 1) . . . r(n + k -1)ll/k < Qk) x(log #k.
n<x
Proof. Put yk = x + k. By Lemma 3, we have {T(n + j)}llk < (k + 1)
Hence the sum above does not exceed
We have
and we note that if the congruences n + j =-0 (mod di) have a solution, then (di , d1) I (j -i) for every i < j. If we write then the sum above does not exceed
We may assume that x > k, as otherwise our result is trivial . Thus yk < 2x, and the result follows .
LEMMA 5 . For each integer k and all x, we have
This is proved in a similar manner to Lemma 4. 
Proof. For each fixed y 0 < 2, we ha4e
for 0 < y < y0 . Put y0 = 3/2, and for sufficiently large x, log y = 1/loglog x. Then Hence and the result follows .
LEMMA 8 .
Let 'r k(n) denote the number of divisors of n which have no prime factor exceeding k . Then max x; , x ; -(xi x;) 112
Proof. Write n = qm, where the prime factors of q and m are, respectively, <k, and >k . Then Y, (Tk(n))t < Y . (rk(q))t 1 1 This is the result stated .
k{x log x + (2y -1)x} + O(k2 log x + kx1 1 2) Next, we apply Lemma 6, with x; = r(n +j) . We have to estimate, from above, {T(n + i) r(n +j)}1/2 i<i n<x Q(j -i) x(log x)-2 < k2 x(log x) a2 . We require a lower bound for S T(x), and we employ the Selberg sieve, in the lower bound form given by Ankeny and Onishi [1] , and set out in Halberstam and Richert [2] , Chapter 7 . We do not attempt to give the best result which could be obtained from a weighted sieve procedure, since this would not affect our final result .
LEMMA 9 .
In the above notation, we have and Halberstam and Richert's condition S2, is satisfied, with A l = k + 1 .
Since M is squarefree, p I M; for at most one j, and so for p > k, we have p(p) = k -1 or k according as p I M or not. When p = k, we just have 0 < p(p) < p . Thus for 2 < w < y, we have (condition S22(k, L)) :
k log y -L < I P(P) log P < k logy + A a Here 7)k is related to the function G k of Ankeny and Onishi [1] : it is strictly decreasing, and 1 -77 k(u) > 0 for u > vk . It is known that v k < 3k for positive integers k [2, p . 221] . Let assume v = 0(loglog X), and put X = z 3k Then we have
where C3(k) > 0, and depends on k only. Moreover, the prime factors of f(1), for 1 counted by S(A, B, z), are either <k or >z, and we have
In the application to S, .(x ; mo , ml , . . ., m k -1), we set X = (x/M)-l > x 2 / 3 -1, and so M < )el/3 < ( 1 + X)1 /2 , and 3 log(M(X + 2)) < 5 log X for X > X, . Provided k is fixed and x ---oo, this condition, and the condition X > X,(k), are automatically satisfied . We therefore have w k(f(1)) = r as required.
We now return to the proof of our theorem . We have This gives the result stated .
